EXISTENCE OF KLYACHKO MODELS FOR GL(n,M) AND GL{n,C) 
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f~^ I Abstract. We prove that any unitary representation of GL{n, M) and GL{n, C) admits 

0\J ' an equivariant linear form with respect to one of the subgroups considered by Klyachko. 
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O : 1. Introduction 

Let F be either M or C Let G„ := GL{n,F) and let On denote the unitary dual 
of Gn- For IT G Gn let 7r°° denote the Frechet space of smooth vectors in vr. For any 
S^ . decomposition n = r + 2k we consider a subgroup of Gn defined by 

^ ' Hr,2k ={(o ^) (^Gn:ueNr,Xe M,x2fc(F) and h e Sp{2k)\ . 

Here N^ C Gr denotes the group of r x r upper unitriangular matrices and 

(1) Sp{2k) = {ge G2k ■■ 'gJtg = Jk] where Jk = ( _^^ "^^ ^ 

and Wk € Gk is the permutation matrix with {i,j)th entry equal to 6k+i-ij. Let ip he a. 
non-trivial additive character of F. We associate to ip the character ip^ of A^^ defined by 

Ipriu) = 'ip{Ui^2 H \- Ur-l,r) 
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and the character 0r,2fc of Hr,2k defined by 

0r,2fc [ Q h ) = "^riu). 

For TT G Gn we consider the space Hom//^2fe(^°°! 0r,2fc) of continuous (-ffr,2fc 
equivariant hnear forms on the Frechet space -7r°° of smooth vectors in vr. We refer to 
a non-zero element of Hom/^^ 2^.(71°°, (j)r,2k) as a Klyachko linear form of type (r, 2k). Let 

-Mr,2fc = {/ : Gn ^ C : / is smooth and f{hg) = (l)r,2k{h) f (g) , h G Hr,2k, 9 e G^}. 

If vr is an irreducible Hilbert representation of G„ then a non-zero element £ G 
Homi:f^2fc(^°°) 0r-,2fc) defines a realization of 7r°° in the space of functions M.r,2k via 
f H- /„ : 7r°° — )• A^r,2fe where /,,((y') = i{7r{g)v), g E G. We therefore refer to Air,2k 
as the Klyachko model of type {r,2k). With this relation in mind for the rest of this 
paper we focus on Klyachko linear forms rather then Klyachko models. 

An analogue of this finite family of spaces of linear forms associated with representations 
of GL{n) over a finite field was first considered by Klyachko Kly84] , followed by the work 



of Inglis-Saxl JIS91] and the work of Howlett-Zworestine jHZOOj 

Over a p-adic field, the problem was first considered by Heumos-Rallis |HR90] and fur- 
ther studied by Offen-Sayag in |OS07l [DSOSat [QSOSbt IOS09J . The outcome is disjointness 
and uniqueness of Klyachko linear forms (in fact for all irreducible admissible represen- 
tations) and existence for any representation in the unitary dual. In fact, the type of 
Klyachko linear form that a given unitary representation vr admits is made explicit as 
follows. Based on the classification of Tadic for the unitary dual [Tad86j Venkatesh asso- 
ciated in |Ven05j a partition V(7r), the 5'L(2)-type of n, to any unitary vr. We recall the 
classification and the definition of the 5'L(2)-type in Section [2731 below. If r is the number 
of odd parts of the partition V{n) then B.om.H^^^^Ti'^, (pr,2k) 7^ (see |OS09[ (5.1)]). 

The existence of a Klyachko linear form in the p-adic case is proved along the following 
lines. In the case r = a linear form invariant by the symplectic group is constructed by 
a global (automorphic) argument for building blocks of unitary representations (namely, 
generalized Speh representations) [OS07t Proposition 1]. For a general unitary represen- 
tation associated with the case r = 0, the invariant linear form is obtained by an explicit 
construction for induced representations based on Bernstein's principle of meromorphic 
continuation [OS07t Proposition 2]. The general case, treated in [OSOSaj . is obtained by a 
reduction to the case r = using the theory of derivatives of Bernstein-Zelevinsky [BZ77J . 

In this work we address the existence of Klyachko linear forms over Archimedean fields. 
Disjointness and uniqueness are addressed in an upcoming work |AOS] . The partition 
V(7r) for every vr G On is defined in [VenOSt §2.2] also in the Archimedean case. Our main 
result is 

Theorem A. Let ir G G„ and let r be the number of odd parts of the partition V(7r). 
Then Romn, ^_,in°°,4>n-r,r) 7^ 0. 
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The scheme of proof in the p-adic case, described above, serves us as a guidehne to 
prove the Theorem. For the case r = a global argument similar to the p-adic case treats 
Speh representations and an explicit construction for induced representations is based on 
the work of Carmona-Delorme |CD94] . 

However, a theory of derivatives is not available in this context. In order to reduce to 
the case r = we apply the theory of highest derivatives developed by Sahi in |Sah89] for 
unitary representations. A recent result of Gourevitch-Sahi ( |GSt Theorem B]) allows us 
to express the integer r in terms of the partition corresponding to vr. 

2. Preliminaries 

2.1. Smooth vectors and induction. Let (vr, Ti) be a continuous Hilbert representation 
of a Lie group G. A vector v E Ti is called smooth if the map g \-^ 'K{g)v : G ^ Ti is 
infinitely differentiable. Both G and its Lie algebra g act on the space of smooth vectors in 
T-L and we denote the corresponding representation by (vr°°, 7^°°). It is naturally a Frechet 
representation of G. 

Theorem 2.1.1 (Harish-Chandra). Let (vr,?/) be a unitary representation of a real reduc- 
tive group G. Then it is irreducible if and only if 11°° is irreducible, (cf. |Wal88t Theorem 
3.4.11];. 

Remark 2.1.2. In fact [loc. cit.] says that n is irreducible if and only if ttk, the un- 
derlying (g, K) module with respect to a compact subgroup K of G, is irreducible. Since 
a G-invariant decomposition of n (resp. tt'^) clearly provides one of 7r°° (resp. ttk), the 
above Theorem is indeed straightforward from [loc. cit.]. 

Let G be a Lie group with a Lie algebra g. Denote by Ac : G — )> ]R>o the modular 
function associated with G, i.e. 

AG(^) = |det(Ad(^)|g)|. 

Let if be a closed subgroup of G, (a, V) a Hilbert representation of H and 5 : H ^>- ]R>o 
defined by 5 {h) = Ah (h) /Ac {h). 

Let W denote the Hilbert space of equivalence classes of measurable functions f : G ^ 
V such that 

f{hg) = 6HhMh)f{g) and \\ff^:=[ \\ f {g)\\l dg < oo. 

Jh\g 

Let {n,W) be the representation of G defined by 7r{g)f{x) = f{xg), x, g E G. Denote 
the representation (vr, FT) by Indfjicr), the normalized induction of a from H to G. If 
(a, V) is unitary then Ind^(cr) is also unitary. 

Recall the following result of Poulsen. It can be interpreted as a representation-theoretic 
version of Sobolev's embedding theorem. 

Theorem 2.1.3 (see [Pou72j . Theorem 5.1). Let [cTjV) be a unitary representation of H 
and let (vr, W) = Ind^(o") . Then Ind^(cr)°° consists of all infinitely differentiable functions 
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f E W such that all their derivatives with respect to left-G -invariant differential operators 
on G are square integrable. 

We will apply Poulsen's Theorem for certain Hilbert representations induced from a 
one dimensional twist of a unitary representation. For the rest of this section let x be a 
(not necessarily unitary) character of H that extends to a smooth function x' : G — ?> C*. 
Let (cr, V) be a unitary representation of H and (vr, W) = Indj:^(cr). 

There is an isomorphism of Hilbert representations {7r^,W) ~ Ind^(cr ® x) given by 
/ ^ X'f, f ^W where -n^{g)f\x) = x'{x)-^x'{xg)f{xg), g, x E G. Since x' is smooth it 
follows that w E W is smooth with respect to ir^ if and only if it is smooth with respect to 
TT. The following Corollaries are therefore immediate consequence of Poulsen's Theorem. 

Corollary 2.1.4. Every element o/Indj^(o" (8> x)°° ^^ '^^ infinitely differentiable function 
on G with values in V . 

Corollary 2.1.5. Suppose that H\G is compact and let f E Ind^((j (g) x)- Then f E 
lndj^{a CS x)°° ^/ ^^^ cm/y if f : G ^ V is an infinitely differentiable function. 

2.2. Representations of GL(?T,)-notation. Let F be either M or C and let G„ = 
GL{n,F). Let K = A'„ be the standard maximal compact subgroup of G„, i.e. 0{n) if 
F = M and U{n) if F = C. 

For a Hilbert representation (vr, V) of G.„ and s G C we denote by (| |* vr, V^) the Hilbert 
representation on the same space V given hj g \-^ Idet^^l** vr((7). 

Let (rii, . . . ,nfc) be a decomposition of n and let P = MU be the standard parabolic 
subgroup of Gn consisting of matrices in upper triangular block form, where 

M = {diag(mi, . . . , m^) : m^ G (?„,, z = 1, . . . , /c} 

is the standard Levi subgroup of P and U is its unipotent radical. Let (crj,Vi) be a 
Hilbert representation of G^, i = I, . . . ,k and let (a, V) = {ai ® ■ ■ ■ ^ ak,Vi ® ■ ■ ■ Vk) be 
the associated Hilbert representation of M. We also view (cr, V) as a representation of P 
where U acts trivially. We use the following standard notation for normalized parabolic 
induction to Gn 

CTi X • • • X cT/j = Indp"((T). 

For ip E Indp"(a) let 

k 



^s{g) 



JJidet; 



Vi.9)^ 9 = umk E Gn, u E U,m = diag(mi, . . . , rrik) E M, k E Kn 



We further associate to a a family /(a, s) of induced representations parameterized by s = 
(si, . . . , Sfc) E C'^ realized in the underlying vector space of Indp"((T). The representation 
J(cr, s) is defined by 

(/(fif, a, s)ip)s{x) = (ps{xg), (p E Indp"(a), g, x E Gn- 

We have 

J/ \ 11-51 I I Si. 

(a, s) ~ I I ' CTi X ■ ■ ■ X I I *= o-fc 
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and the underlying space for I{a, s)°° is independent of s (as explained in Section [2TT|) . 

2.3. The unitary dual of GL{n) and the S'L(2)-type. The unitary dual G„ of G„ 
was classified by Vogan in |Vog86| . In |Tad86] . Tadic classified the unitary dual of 
GL{n) over a p-adic field and expressed the classification in a uniform language for 
both the Archimedean and non-Archimedean cases. We recall the classification as it 
appears in |Tad86t Theorem D]. (As noted in [ibid.] Tadic' Theorem D is also valid in 
the Archimedean case, see also |Tad09j .) 

Let 6 & Gr he square- integrable (thus r = 1 if F = C and rG{l,2}ifF = ]R). Denote 
by U{S, t) the unique irreducible quotient of 



2d)X2()X---X2d 



and for a G M, |a| < I let 



7i{6,t,a) = I rf/(5,t) X I r"f/(5,t). 

For r = 1 the representation U{6, t) is one dimensional. For r = 2 it was constructed 
in |Spe83| using the theory of automorphic forms. Later it was given an explicit Hilbert 
space model in 



Let B be the set of all representations of the form U{5,t) or TT{5,t,a) as above. Then 
for any tti, . . . , VTfc G B the representation vti x ■ ■ ■ x vr^ G Gn for an appropriate n and 
any vr G G„ is of this form for a uniquely determined multi-set {vti, . . . , vr^} in B. 

In particular, for any n E Gn there exist integers ki, . . . , km, ti, . . . , tm, square integrable 
representations 6i G Gfc. and — ^ < a^ < | such that 

vr = |det|"' U{6i,ti) x • • • x Idet]"'" U{6m, tm)- 

The following is therefore immediate from |MW89t Proposition 1.9]. 

Lemma 2.3.1. Let ttj G (?„-, i = 1,2. Then the set 

{s G C : TTi X |det|*7r2 is reducible} 

is discrete in C 

A partition of n is a multi-set of positive integers adding up to n. By abuse of notation 
we will sometimes denote a partition A as a tuple (ni, . . . , n^) but we keep in mind that 
order is irrelevant. The integers ni, . . . ^n^ are referred to as the parts of A. The transpose 
partition A* is the partition {mi, . . . ,mi) where rrii = ^{j : 1 < j < k, i < Uj} (/ is the 
maximal integer so that {j '■ 1 < j < k, I < Uj} is not empty). If A and fi are partitions 
their union (as a multi-set) is denoted by (A,/i). We call a partition even if all its parts 
are even and odd if all its parts are odd. For two natural numbers r and n let 

be the partition of nr with r equal parts. 
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The S'L(2)-type associated to tt G Gn is denoted by V(7r) and characterized by the 
following properties. For any 5 & Gr square integrable, < a < |, tti G G^ and 
'^2 ^ Gn2 we have 

(1) V(f/(5,n)) = «; 

(2) V(7r(t/(5,n),a))) = (n)2,; 

(3) V(7riX7r2) = (V(7ri),V(7r2)). 

Definition 2.3.2. A representation tx G Gn is called even z/V(7r) is even and odd ifVi^ir) 
is odd. We denote by r(7r) the number of odd parts in V(7r). 

Note that a product of two even representations is even. The following statement is 
straightforward from the definitions and the classification of Gn- 

Corollary 2.3.3. Let tx G Gn- There is a decomposition n = k + I, k, I > 0, Tie ^ Gk 
an even representation and tTq G G/ an odd representation, uniquely determined up to 
isomorphism, such that vr = TTg x tTq. 

2.4. The highest derivative. The following convention will be used whenever con- 
venient. For n < m we view Gn as a subgroup of Gm through the imbedding 
g I— !■ dia.g{g, Im-n)- This convention will freely be used throughout the paper for sub- 
groups of Gn without further notice. 

For subgroups Ai of G^., i = 1, 2, by {Ai x A2) x Mfc^xfc2(-^) ^^ mean the subgroup of 
Gfc^+fc2 consisting of matrices of the form 

diag(ai,a2) X X := (^^ ^j, a^ G A^, z = 1, 2, X G Mfc^xtel^)- 
In accordance with our convention, when A2 = {e} we also set Ai x Mk^xk2{F) = (^1 ^ 

For a representation {a, V) of Ai x A2 and a character x of Mkixk2{P) we denote by 
{a X Xi y) the representation of {Ai x A2) x M^^xfel-^) defined by 

(a X x)(diag(ai, 02) x X) = x(^)cr(diag(ai, 02)), a^ G A,, z = 1, 2, X G Mk^^k^iF). 

We recall the Archimedean analog, as formulated in |Sah89] . of the Bernstein- Zelevinsky 
notion of highest derivative |BZ77] . 

Denote by -P„ the "mirabolic" subgroup of G.„ consisting of matrices with last row 
Cn ■-= (0, 0, ..., 0, 1), i.e. Pn = Gn-i K F"'~\ Note that 

^Pn(fi') = \detg\, g G P„. 
The starting point of the Archimedean theory of highest derivatives is the following 

Theorem 2.4.1. Let n G Gn, then 7r|p^ is irreducible- 

Remark. The result was conjectured by Kirillov- In the p-adic case it was proved in 
|Ber84] . in the complex case in |Sah89j and finally in the real case in |Bar03] . 
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For a Hilbert representation (a, V) of G„ let E{a) = a x lj?n be the associated repre- 
sentation of Pn+i on the same space V. 

For a Hilbert representation (r, V) of P„ let 

/(r)=IndJ::V"(rxV^(en-))- 
Note that E\^ : G„ — )■ Pn+i and /1 5- : Pn ^ Pn+i- 

Based on Theorem 12.4.11 and Mackey theory Sahi observed that for vr G Gn there exists 
a unique integer d, 1 < d < n and a unique a G 5„-d such that 

The representation a is called the highest derivative (or adduced) of vr and is denoted by 
A{7i). The integer d is called the depi/i of vr and we denote it by depth(7r). 

Recursively we define ^•'"'"^(vr) = A{A^{7r)) as long as A^{7r) is a representation of Gi 
for some integer i > 1. Let A; be such that A''{7r) is the trivial representation of Gq. The 
depth sequence of vr is defined to be 

(2) d(vr) = {di, . . . , dk) where dj+i = depth(/l%), j = 0, . . . ,k — 1. 
The following Theorem follows from |GSt Theorem B]. 

Theorem 2.4.2. Let vr G Gn and d(vr) = [di, . . . , dk) then di > ■ ■ ■ > dk and viewed as 
a partition d(vr) satisfies 

(3) V(vr) = d(vr) 



\t 



Corollary 2.4.3. Let tt E Gn- Then 

(1) depth(vr) is the number of parts in V(vr). In particular, depth(vr) > r(vr) and 
equality holds if and only if vr is odd. 

(2) If vr is odd then A{'k) is even. 

Proof. We use the notation of the Theorem. It is clear that di is the number of parts 
in d(vr)*. Since by definition di = depth(vr) the first part follows from ([3]). It follows 
from the definitions that d(74(vr)) = {d2, . . . ,dk)- Applying ([3]) again we obtain that 
V(v4(vr)) = d(y4(vr))* consists of parts of the form m — 1 where 1 < ?Ti is a part of 
d(vr)* = V(vr). The second part follows. D 

Let n = m + r. For Hilbert representations vr of G^ and r of Pr we set 

TT X r = Indg^^p^)^^^^^(^)((vr ® r) x Im^^f))- 

Lemma 2.4.4. Let s G C and consider the Hilbert representations vr of Gm, o" of Gr and 
T of Pr. We have 

(l)E{\\'n) = \ rE(vr); 

r^;/(irr)^ir/(r); 

(3) E{ti X ct) = vr X E{a); 

(4) liji X r) = vr X /(r). 
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Proof. Part ([I]) is straightforward. Indeed, the underlying representation space of both 
E{\ I'^tt) and | \'^ E{7r) is that of vr and the two actions are identicaL For part ([2]) set 
fs{p) = |detp|^/(p), p G P„,. The map / i— )■ /^ is an isomorphism from | \^ I{r) to 
/(I I^t). Parts ([3]) and (j4]) are proved in |Sah89t Lemma 2.1 (ii) and (iii)] when vr, a and 
r are unitary. The proof of [ibid.] is vahd verbatim in the more general context of Hilbert 
representations. 

D 

Let Sm,r be the subgroup of G„, defined by Sm,,r = {Gm x ^r) x ^mxr(-^)- 

Proposition 2.4.5. Let d < n, Q = MU a standard parabolic subgroups of Gn-d with its 
standard Levi decomposition (M ~ G^i x ■ ■ ■ x Gm^), t a non-zero unitary representation 
ofM,se C" and (a, V) = IndQ"-''(r, s). Let vr = I^^^E{a). 

(i) We have tx ~ Ind^;;_^^^((a ® ^d) x lM„_dxd(F))- 

(ii) There is a continuous linear transformation pr^^ : 7r°° — > V°^ that is not identically 
zero on any Pn-invariant subspace of 7t°° and satisfies 

(4) prrf^^(7r(s)w) = tpdin) \det g\ ^ a{g)pTa^^{v), v e 7r°° and s = I ^ ^ 1 G Sn^d,d 

where g G Gn-d, n e Nd and X G Mn-dxd{F). 

Proof. Part (jl]) follows by iteratively applying transitivity of induction. For part (jn]) note 
that V°°, the space of smooth vectors for a, is also the space of smooth vectors of the 
representation (a (g) tpk) x lM„_dxd(i^) of 'S'„_d,d. Let 

Ti = (r ® 7/;d) K lM„_,xd(F) 

be a unitary representation of the subgroup Qi := (Q x N^) x Mn-dxd{F) of Sn~d,d and 
let 

Xl = (Xs X IjvJ X lAf„_,,,(F) 

be a character of Qi where Xs is the unramified character of Q associated to s by 

k 

Xs(diag(5fi, . . . , gk)u) = JJ |det gi\'' , gi G G„,, i = I, ■ ■ ■ ,k, u e U. 

i=\ 

It follows from Corollary 12. 1.41 that the elements of IndQ"(ri ® Xi)°° ^'^^ smooth functions 
on Pn with values in the space of r. Let b\ = Ap^/As^_^^ then transitivity of induction 
gives the isomorphism 

f^ipf. lnd^"{T, ® xi)~ ^ Ind§_,,(((T ® V^d) X 1m„_,x,(f))~ 

where ipf{p){s) = 6i{s)f{sp), s G Sn-d,d, P ^ -Pn- Since / is a smooth function on Pn it 
now follows that (pf is a smooth function on G with values in V. It further follows from 
Corollary [2X5] that (Pf{p) G y°° for p G Pn- 
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To summarize so far, the elements of Ind^" ((cr (g) tpj) k lM„_dxd(^))°° ^^^ smooth 
functions on P„ with values in V°°. 

Thus, pr^g.((y9) := Lp{e) is a well defined linear transformation from Ind5."_ {{a x ^k) x 

lM„_dxd(i^))°° ^*^ ^°°- Evaluation at the identity is clearly not identically zero on any P„- 
invariant space of smooth functions on P„. The equivariance property (jlj) is immediate 
from the definition of an induced representation. The Proposition follows. D 

Given a decomposition n = m + r the Iwasawa decomposition on Gn-i implies that 

Pn = [{Gm. X Pr) X Mmxr{F)]Kn^l- FoT S = (Si, S2) G C^ and ip E IT X T let 

ifsip) = Idetfifil"' \detg2\^^(p{p), p = [diag(5fi,5f2) x X]k 

where gi e Cm, §2 G Gr, X G Mmxr{F) and k G Kn-i- It will also be convenient to 
denote by I{tt ® r, s) the representation of P„ on the space of tt x r defined by 

(/(p, TT (g) r, s)ip)s{x) = (Ps{xp), ip en X T, p, X e Pn- 

Thus 

/(tt ® r, s) ~ I 1**^ vr X I 1**^ r 

and the underlying space of /(vr (g) r, s)°° is independent of s. The following is straight- 
forward from Lemma 12.4.41 

Corollary 2.4.6. Consider the Hilbert representations g of Gr and n of Gm and let 
s G C^. Then for every j > we have 

/(tt ® PE{g), s) ~ PE{I{7r (g g, s)). 

3. Representations with symplectic models 

The purpose of this section is to study linear forms invariant by the symplectic group. 
We begin with a result on Speh representations that we obtain by global means. 

Proposition 3.0.1. Let n = 2mr, 6 E Gr square integrable and tt = U{6,2m) G Gn- 
r/ienHom5p(2n)(vr°°,C)^0. 

Proof. If r = 1 then n = 6 o det is a character of Gn- The Proposition is obvious in this 
case. Assume from now on that r = 2 (and in particular that P = M). To complete 
the Proposition we globalize vr to a discrete automorphic representation for which the 
symplectic periods have already been studied. 

Let n be a cuspidal automorphic representation of GL{2,Aq) with Archimedean com- 
ponent IIoo — S. The existence of 11 is verified, for example, using the Jacquet-Langlands 
correspondence. Indeed, let D be the multiphcative group of the standard quaternion 
algebra defined over Q. Let S' be a representation of /^(IR) associated with S by the local 
Jacquet-Langlands correspondence |JL70t §5]. Since ]R*\D(]R) is compact, it is easy to 
construct using the trace formula an automorphic representation 11' of D{Aq) so that 
U'^ ~ 6' and 11' is unramified for all primes p > 2. It then follows from |JL70t Theorem 
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14.4] that vr is associated by the global Jacquet-Langlands correspondence to a cuspidal 
automorphic representation 11 of GL{2,Aq). In particular IIoo ^ 5 as required. 

m — 1 ^^ 7n — 3 ^^ 1 — m ^^ 

Let g be the unique irreducible quotient of |det| ^ n x |det| ^ n x ■ ■ ■ x |det| ^ n. It 
is a discrete automorphic representation of GL(?t,, Aq) obtained by residues of Eisenstein 
series (see [MW89J ). Furthermore, its local component at infinity is ^oo = ^r. Let ^aut 
be the space of automorphic forms in (the unitary representation) g. Based on |Off06 
Theorem 3], the symplectic period defined on ^aut by 



i{(f)) = / (f){h) dh 

is not identically zero. Recall that ga,ut — ®p<ooTp where Too = {Poq)k is the (g, i^)-module 
of i^- finite vectors in ^oo and Tp is the smooth part of gp for p < oo |Fla79] . There is 
therefore an automorphic form </> G g^nt that as a vector is of the form 0oo ® (f)°° with 
(t>oD G Too and (f)°° G ®p<ooTp such that £(</>) ^ 0. Define 

Then A is a non-zero Sp{n) fl K and sp(n)-invariant linear form on Too where sp{n) is the 
Lie algebra of Sp{n). By the automatic continuity for reductive symmetric spaces (cf. 
|vdBD88l Theorem 2.1] or |BD92t Theorem 1]) A extends to an S'p(n)-invariant linear 
form on the smooth part of p^o, i-e. it defines a non-zero element of Hom5p(„)(-7r°°, C). 
The Proposition follows. D 

Remark 3.0.2. In |GSS] an Sp{n)-invariant functional on the Speh representation 
U{6,2m) is constructed by purely local means using |SS90j . 

Next we consider induced representations. Our main tool is a result of Carmona- 
Delorme that we now recall. 

Let (ni, . . . , rik) be a decomposition of n and P = MU the standard parabolic subgroup 
of G2n of type (2ni, . . . , 2nfc) with unipotent radical U and standard Levi subgroup M. 
Let J = diag(J„j, . . . , Jn^) where J„ is defined by ([1]) and 

H = Spii) = {gEG2n:'m9=j}. 

Set T{g) = fg^^]^^ and let 9{g) = ^g~^ be the standard Cartan involution of G2n- Note 
that H = G^ and P is 9t- stable. Let ai G G2ni and 7^ £j G Hom5'p(2„.)(cr°°, C), i = 
l,...,k. Set a = (Ti(g)---(g)crfc and £ = d®- ■ -^ii. Thus j^ i E HomMni:f(o-°°, C). There 
is a permutation matrix 77 G G2n so that ^rjjrj = Jn and therefore f]~^Sp{])ri = Sp{2n). 
The following is therefore an application of [CD941 Proposition 2 and Theorem 3]. 

Proposition 3.0.3. With the above notation the integral 



^{ip;i,s)= i{ipsih7])) dh, ipE{aiX ■■■xakY 

'{MnH)\H 
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converges absolutely for Re(si) ^ Re(s2) ^ • ■ ■ ^ Re(s/c) and extends to a meromorphic 
function of s G C^ . Whenever holomorphic at s it defines a non-zero element C,{i,s) G 
Hom5p(2„)(/(a,s)°°,C). 

Theorem 3.0.4. Let n G G2n be an even representation then Hom5'p(2„)(7r°°, C) ^ 0. 

Proof. By the classification of the unitary dual and the recipe for the S'L(2)-type we may 
write vr = /(a, a) where a = U{6i, 2mi) ® ■ ■ ■ ® U{5ki '2mk) with 6i square integrable and 
a = («i, . . . , Ofc) with — i < ai < J, i = 1, . . . ,k. Let Ui be such that U{6i, 2mj) G G2ni- 
By Proposition 13.0. ll there exists 7^ ^j G Hom5p(2ni)(o'°°, C). By Proposition 13.0.31 and 
using its notation we obtain a non-zero meromorphic family of linear forms ^{i, s) G 
Hom5'p(2n)(/(c'", s)°°, C). There exists a generic direction sq G C'^ such that ^{i, a + zsq) is 
meromorphic in a punctured neighborhood of 2; = in C. Let /cq be the smallest integer 
k such that z^^{i, a + zsq) is holomorphic at z = 0. We can now define 

L = \imz''°^{£,a + zso). 



Thus O^Le Hom5p(2„)(7r°°, C). 



D 



4. Proof of Theorem 



We change the setting by defining another family of Klyachko subgroups compatible 
with the theory of highest derivatives. Fix a decomposition n = 2k + r and let 

H2k,r = {(0 ^)eG„:MGiV„XG M2,UF) and h G Sp{2k) 

Let 02fc r be the character of i^2fc.r defined by 

h X 



' u 



2fc,r In „, I - ^r(«) 



Let r be the involution on (?„ defined by (7"^ = Wn^g ^Wn- Note that -ff2fcr — ^r2k ^^^ 
^2krW ~ (Pr,2k{.h'^) , h G -f^2fc r" "'^^ follows that for any tt G G^ we have 

Hom^^,,(7r-,0,,2.) ^ Hom^,^^((7r-)-,0^,,,). 

By the Gelfand-Kazhdan Theorem tt^ ~ tt where n denotes the dual of vr (see e.g. |AGS08t 
Theorem 2.4.2]) and therefore 



^omn^ {7i^,4>r,2k) - Eomw (n^,(f)'^f^ 



It further follows from the classification and the definition of the partition V(7r) that 
V(7f) = V(7r) and hence r(7f) = r(7r). Theorem Rl is therefore equivalent to the statement 



(5) Hom^;_ (7r°°, ^n-r(n),r{n)) 7^ 0, TV E Gn- 
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Let vr G Gn- If riji) = 0, i.e. vr is even, then (|5]) follows from Theorem 13.0.41 Assume 
from now on that r = r(7r) > and let k = {n — r)/2. Note then that if2fc r i^ ^ subgroup 

Write vr = TTg X tTq where vTe G G'2fci is even and tTq G G* is odd as in Corollary 12.3.31 
For s G C let 

Tls = /(vTe (S)'lTo, (0, s)) 

be a representations of G^ and 

Ts = /(TTe (g) (tToIpJ, (-, -2A;i + s)) 

a representation of P„. By Corollary 12.1.51 restriction of functions to P„ is a well defined 
(and clearly P„-equivariant) map 

In the parameter s it is holomorphic and non-zero at each s. 

Let d = depth(7ro). By Corollary 12.4.31 d = r(7r) and A{7To) is even. Recall that 
7r„|p^ = I'^-^E{A{no)) and let 

as = /(TTe ® A(7ro), (-, -2/i;i + s)). 

By Corollary 12.4.61 there is an isomorphism of Hilbert representations of P„ 

Ts-I''~'Eias). 
Denote by 

. ^oo , rd— 1 77'/' „ \oo 

its restriction to the corresponding isomorphism between the spaces of smooth vectors. 
Thus 

„ , „00 . rrf— 1 771/^ NOO 

is a holomorphic family of non-zero P„-equivariant maps. Let 

Pr.,.. : I'-'Eia.r ^ ^f 
be the map provided by Proposition 12.4.51 It is defined by evaluation at the identity and 
therefore it is independent of s. By Proposition 12.4.51 its restriction to the image of Ls o k^ 
is non-zero. Thus 

Wd,as o is o K, : 7r~ -^ a^ 
is non-zero. By (^ it is, in particular, G2fc-equivariant where k = ki + ^. It follows from 
Theorem 13.0.41 together with Proposition 13.0.31 that there exists a non-zero holomorphic 
family of linear forms 

4 GHom5p(2fc,F)(crf',C) 

in a punctured disc centered at s = 0. By possibly taking a smaller disc it further 
follows from Lemma [2.3.11 that as is irreducible in the punctured disc. By Theorem 12.1.11 
in this punctured disc pr^^^ o ts o k^ : vr^ — )■ a'^ has a dense image and therefore the 
holomorphic family of linear forms L^ := ig o pr^^ o l^ o k^ on vr^ is non-zero. By the 
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equivariance property (HI), Ls £ Homj;/' ('?r^,02fcr) 
that ^ L := lim,^os''^s- Thus ^'"^L G Hoiiih, 
completes the proof of Theorem |X1 



There is therefore an integer a such 
and dSl) follows. This 



2fe,r 



VT- 



^2fc,.) 
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